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A space is 1m -homogeneous provided there are exactly m orbits for the action of the group
of homeomorphisms of the space onto itself. In this paper we investigate 12 -homogeneity
of the 2-fold symmetric product F2(X) for a continuum X . We prove that if X is a 1-
dimensional, compact, connected ANR, then F2(X) is 12 -homogeneous if and only if X is
an arc or a simple closed curve. We also show that this characterization does not generalize
to higher dimensions. Further, we give necessary and suﬃcient conditions under which the
2-fold symmetric product of an n-manifold is 12 -homogeneous.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A continuum is a compact, connected metric space. For a positive integer m, a space is said to be 1m -homogeneous
provided that the action on the space of the group of homeomorphisms of the space onto itself has exactly m orbits (an
orbit being the action of the homeomorphism group at a given point x). Thus, 1-homogeneous spaces are the more familiar
homogeneous spaces.
For example, an arc and the continuum with the shape of the Greek letter theta are 12 -homogeneous. Also, the Sierpin´ski
universal curve is 12 -homogeneous [8]. A theorem about
1
2 -homogeneous compact absolute neighborhood retracts of dimen-
sion  2 is in [18, Theorem 1, p. 25]. More recently, results about 12 -homogeneity in continua are developed in [14] and [16],
results on 12 -homogeneous hyperspaces can be found in [5] and [12], and results about
1
2 -homogeneous cones are in [13].
Note that if C is an n-cell for some n ∈ N, then the points in the manifold boundary of C belong to one orbit of C ,
while points in the manifold interior of C belong to another orbit. This means that C has exactly two orbits and is, thus,
1
2 -homogeneous. Hence,
1
2 -homogeneity is a geometrically natural property of any ﬁnite-dimensional cell, and we are inter-
ested in studying it in a variety of settings.
Recall that the hyperspace of compact subsets of a continuum X is deﬁned by 2X = {A ⊂ X: A is compact and non-
empty}, and is equipped with the Hausdorff metric. The hyperspace of subcontinua of a continuum X is deﬁned by C(X) =
{A ∈ 2X : A is connected}, and is regarded as a subspace of 2X . It is known that if C(X) is ﬁnite-dimensional, then C(X) is
1
2 -homogeneous if and only if X is an arc or a simple closed curve (this follows from [5, Theorem 4] and [6, Theorem 70.1,
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P. Pellicer-Covarrubias / Topology and its Applications 155 (2008) 1650–1660 1651p. 337]). Also, it is known that if X is a 1-dimensional continuum, then Cone(X) is 12 -homogeneous if and only if X is an
arc or a simple closed curve (see [13, Theorem 6.1, p. 243]).
In this paper we are interested in providing further results on 12 -homogeneity for another kind of hyperspaces. We are
interested in the 2-fold symmetric product of a continuum X , given by F2(X) = {A ∈ 2X : A has one or two elements}; this
kind of hyperspaces was introduced by Borsuk and Ulam in [1]. We prove that the arc and the simple closed curve are the
only continua X , among 1-dimensional ANRs, such that F2(X) is 12 -homogeneous (Theorem 5.2). The natural analogue for
all ﬁnite dimensions of Theorem 5.2 is: if the continuum X is an n-dimensional ANR, and F2(X) is 12 -homogeneous, then
X is an n-cell or an n-sphere. In Section 7 we show that this analogue fails for each n  2. Finally, we give necessary and
suﬃcient conditions under which the 2-fold symmetric product of an n-manifold is 12 -homogeneous, namely: if X is an
n-manifold with 2 n < ∞, then F2(X) is 12 -homogeneous if and only if either: (i) n = 2 and X has manifold boundary or
(ii) n 3 and X has no manifold boundary (Theorem 7.9).
2. Preliminaries
The symbol N stands for the set of all positive integers and I will denote the unit interval. All considered spaces are
assumed to be metric, and all mappings are continuous functions. Also, |A| and dim A will denote the cardinality and the
dimension of a space A, respectively.
The symbols intY (A), clY (A) and bdY (A) stand for the topological interior, closure and boundary of the set A relative to
the subspace Y of a space X , respectively. In case X = Y we will simply omit the subindex.
Throughout the paper we will use the following notation for a manifold D: we will denote by intM D and bdM D the
manifold interior and the manifold boundary of D, respectively.
Let X be a space and let n be a cardinal number. A point y ∈ X is said to be of order less than or equal to n provided y
has a basis of open neighborhoods in X whose boundaries have at most n elements; in this case we write ordX (y) n. If n
is the smallest cardinal number for which y has such neighborhoods, we will say that ordX (y) = n.
A point p of a space X is a ramiﬁcation point of X if ordX (p) 3, and it is an end point of X if ordX (p) = 1. The set of
end points of X will be denoted by End(X).
Let X be a continuum and let a,b ∈ X . We denote by ab an arc in X whose end points are a and b. Recall that an arc ab
in a continuum X is a free arc whenever ab \ {a,b} is open in X , i.e., whenever the manifold interior of ab is open in X .
By a ﬁnite graph we mean a continuum that can be expressed as the union of ﬁnitely many arcs, any two of which
intersect in at most one or both of their end points.
For n ∈ N (n  3), a simple n-od is a ﬁnite graph that is the union of n arcs emanating from a single point v , and
otherwise disjoint from one another (see [6, p. 39]). We will say that the point v is the vertex of the simple n-od. A simple
3-od is called a simple triod.
Recall that a dendrite is a locally connected continuum containing no simple closed curves. A continuum is a local dendrite
provided it has a basis of neighborhoods whose elements are dendrites.
In this paper we will consider the following hyperspace.
Deﬁnition 2.1. For a continuum X we deﬁne the hyperspace of compact subsets of X by 2X = {A ⊂ X: A is compact and
nonempty}, which will be equipped with the Hausdorff metric H (see [6, pp. 6 and 9]).
We will also consider some hyperspaces, which are called n-fold symmetric products.
Deﬁnition 2.2. Let X be a continuum and let n ∈ N. We deﬁne the n-fold symmetric product of X by Fn(X) = {A ⊂ X:
A = ∅ and A has at most n elements} (see [1, p. 875]). We will consider Fn(X) as a subspace of 2X .
Since in this paper we are interested in investigating 12 -homogeneity of the 2-fold symmetric product F2(X), we begin
with the following simple examples.
Deﬁne a mapping h : F2([0,1]) → R2 given by h({x, y}) = (x, y), whenever x y. It is easy to see that h is an embedding.
Therefore, the following follows.
Example 2.3. F2([0,1]) is a 2-cell. Moreover,
bdM F2
([0,1])= {{x, y} ∈ F2([0,1]): x = y or {x, y} ∩ {0,1} = ∅} and
intM F2
([0,1])= {{x, y} ∈ F2([0,1]): x = y and {x, y} ∩ {0,1} = ∅}.
In fact, a more general result is proved in [1, Theorem 6, p. 880]. The following example is also known (see [1, p. 877]),
although it is not as simple as Example 2.3.
Example 2.4. If X is a simple closed curve, then F2(X) is a Möbius strip.
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Lemma 2.5. If X is an arc or a simple closed curve, then F2(X) is 12 -homogeneous.
We end this section with a simple observation on some particular kind of neighborhoods in F2(X).
Observation 2.6. Let X be a continuum and let p,q be two distinct points of X . If U and V are disjoint (closed) neighbor-
hoods of p and q, respectively, then the set W = {{x, y} ∈ F2(X): x ∈ U and y ∈ V } is a (closed) neighborhood of {p,q} in
F2(X). Note that W is homeomorphic to U × V .
Moreover, let {Un}∞n=1 and {Vn}∞n=1 be local bases of neighborhoods of p and q, respectively, such that Ui ∩ V j = ∅ for
every i, j ∈ N. For each n ∈ N let Wn = {{x, y} ∈ F2(X): x ∈ Un and y ∈ Vn}; then Wn is homeomorphic to Un × Vn and the
family {Wn}∞n=1 is a local basis of neighborhoods of the element {p,q} in F2(X).
3. Some general results
In this section we determine when F2(X) is 12 -homogeneous for some particular continua X . These basic results will be
used in further sections.
The idea of the proof of the following lemma is very similar to that of Theorem 4.2 of [13].
Lemma 3.1. Let X be a continuum that contains a free arc. Then, F2(X) is 12 -homogeneous if and only if X is an arc or a simple closed
curve.
Proof. Assume F2(X) is 12 -homogeneous. Let ab be a free arc in X and let x, y be two distinct points in ab \ {a,b}. Since
ab is a free arc, it is easy to show that F2(ab) is a subset of F2(X) that contains both {x} and {x, y} in its topological
interior. Moreover, by Example 2.3, we have that F2(ab) is a 2-cell C and that {x, y} belongs to the manifold interior of C in
F2(X), while {x} does not. Therefore, using the fact that {x} ∈ intF2(X)(C), it is readily seen that there is no 2-cell in F2(X)
containing {x} in its manifold interior. Hence, {x} and {x, y} belong to different orbits of F2(X).
Now, since F2(X) is 12 -homogeneous, we may assume that {x} belongs to some orbit O1 and {x, y} belongs to the other
orbit, say, O2. Since the 2-cell F2(ab) is a neighborhood of both {x} and {x, y} in F2(X), it follows that F2(X) is locally
connected at both {x} and {x, y}; thus, by 12 -homogeneity, we obtain that F2(X) is locally connected. This yields the local
connectedness of X (see [6, 10.14, p. 84]).
Next, we will show that X contains no simple triods. Suppose to the contrary that X contains a simple triod T with
vertex v . Recall that x ∈ ab \ {a,b}; thus, v = x and ordX (x) = 2. By [3, Lemma 3.3(e), p. 60] we have that the neighborhoods
of {v, x} in F2(T ) are not planar, whereas the 2-cell F2(ab) is a planar neighborhood of both {x} and {x, y} in F2(X). Hence,
{v, x} /∈O1 ∪O2, a contradiction. Therefore, X contains no simple triods.
Finally, since X is a locally connected continuum containing no simple triods, as a consequence of [11, Proposition 9.5,
p. 142], we conclude that X is an arc or a simple closed curve.
The converse is Lemma 2.5. 
Corollary 3.2. Let X be a ﬁnite graph. Then, F2(X) is 12 -homogeneous if and only if X is an arc or a simple closed curve.
4. Results about local dendrites
This section is devoted to present some results on structure and 12 -homogeneity of F2(X) when X is a local dendrite.
These will lead us to our main result in Section 5 (Theorem 5.2). We begin with a result for the 2-fold symmetric product
of a ﬁnite graph.
Lemma 4.1. Let G be a ﬁnite graph and let p,q ∈ G with p = q. If ordG(p) = n 3 and ordG(q) =m 3, then the element {p,q} has
a basis of non-planar neighborhoods in F2(G).
Proof. Note that there are local bases of neighborhoods {Uk}∞k=1 and {Vk}∞k=1 of p and q, respectively, such that Uk is
homeomorphic to a simple n-od Tn and Vk is homeomorphic to a simple m-od Tm , for each k ∈ N. We will assume that
Ui ∩ V j = ∅ for each i, j ∈ N.
By Observation 2.6, the element {p,q} has a local basis of neighborhoods in F2(X) whose elements are homeomorphic
to Tn × Tm . Since Tn × Tm cannot be embedded in the plane, the result follows. 
Corollary 4.2. Let X be a local dendrite and let p,q ∈ X with p = q. If ordX (p) = n 3 and ordX (q) =m 3, then the element {p,q}
has a local basis of non-planar neighborhoods in F2(X).
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By Lemma 4.1, the element {p,q} has a basis of non-planar neighborhoods in F2(G); thus, it has a basis of non-planar
neighborhoods in F2(X). 
The following is a result for the 2-fold symmetric product of a local dendrite containing no free arcs.
Lemma 4.3. Let X be a local dendrite with no free arcs. Then, F2(X) is not a polyhedron.
Proof. Since X is a local dendrite, X is 1-dimensional [13, Lemma 5.1, p. 238]. Then, dim F2(X) = 2 ([17, (2.7), p. 187] and [4,
p. 34]). Hence, to prove that F2(X) is not a polyhedron, it is enough to show that no element of F2(X) has a neighborhood
which is a 2-cell.
Let {x, y} ∈ F2(X) and let U be a neighborhood of {x, y} in F2(X). Since X contains no free arcs, it follows that the set of
ramiﬁcation points of X is dense; thus, there exist disjoint sequences {xn}∞n=1 and {yn}∞n=1 of ramiﬁcation points of X such
that {xn}∞n=1 converges to x and {yn}∞n=1 converges to y. We may assume that {xn, yn} ⊂ U for each n ∈ N.
By Corollary 4.2, an element of the form {xn, yn} has a local basis of non-planar neighborhoods in F2(X). This yields that
U is not planar. Therefore, U is not a 2-cell and we conclude that F2(X) is not a polyhedron. 
Since we are interested in determining orbits in the hyperspace F2(X), it will be useful to ﬁnd invariants that some
points have and some other points do not. One of such invariants is belonging to the manifold interior of a 2-cell in F2(X).
The following series of results show us which elements of F2(X) have this property and which do not. We note that the
outline for the proofs of Lemmas 4.6 and 4.7 is similar to that of Lemma 5.5 of [13].
Lemma 4.4. Let X be a continuum and let p ∈ X be the vertex of a simple triod T in X. Then, there exists a 2-cell C ⊂ F2(X) such that
{p} ∈ intM C .
Proof. Let e1, e2 and e3 be the end points of the simple triod T . In [2, Lemma 1, p. 68] it is proved that
there exists a homeomorphism F˜ : Cone(Z) → F2(T ), (1)
for some continuum Z . In fact, Z is deﬁned in line 6 of the proof of [2, Lemma 1, p. 68] by
Z = {A ∈ F2(T ): ei ∈ A for some i ∈ {1,2,3}}.
Moreover, in the last paragraph of the same proof [2, p. 69] it is shown that
F˜−1
({p}) is the vertex of Cone(Z). (2)
Furthermore, in [2, Lemma 2, p. 70] it is proved that Z contains the complete graph K3. Thus, we may consider Cone(K3)
as a subspace of Cone(Z) with the same vertex as Cone(Z). Since K3 is a simple closed curve, we have that Cone(K3) is a
2-cell and it contains its vertex in its manifold interior. Hence, according to (2), we obtain that F˜−1({p}) ∈ intM Cone(K3).
Therefore, by (1) we conclude that {p} ∈ intM F˜ (Cone(K3)). 
Lemma 4.5. Let X be a local dendrite and let p,q be two distinct points of X \ End(X). Then, there exists a 2-cell C ⊂ F2(X) such that
{p,q} ∈ intM C .
Proof. Since p,q /∈ End(X), there exist two disjoint arcs A and B such that p ∈ intM A and q ∈ intM B . Let f : A × B → F2(X)
be given by f (x, y) = {x, y}. It follows easily that f is an embedding and that {p,q} belongs to the manifold interior of the
2-cell f (A × B) in F2(X). 
Lemma 4.6. Let X be a local dendrite and consider p ∈ X such that ordX (p) 2. Then, {p} does not belong to the manifold interior of
any 2-cell in F2(X).
Proof. Suppose, to the contrary, that there exists a 2-cell C in F2(X) that contains {p} in its manifold interior. Since X is a
local dendrite, we may take a small enough (closed) neighborhood U of p such that U is a dendrite and such that
F2(U ) ∩ bdM C = ∅ and
∣∣bdX (U )∣∣ 2. (3)
Note that F2(U ) is a neighborhood of {p} in F2(X).
We may assume without loss of generality that |bdX (U )| = 2 (if |bdX (U )| = 1 a similar argument holds). Let z,w ∈ U
such that bdX (U ) = {z,w} and let
D1 =
{{z, x}: x ∈ U} and D2 = {{w, x}: x ∈ U}.
It is easy to see that bdF2(X)(F2(U )) =D1 ∪D2.
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Furthermore, note that D1 and D2 intersect only at the point {z,w}. Hence, bdF2(X)(F2(U )) is a dendrite.
Now, since bdF2(X)(F2(U )) disconnects F2(X), it follows from (3) that bdF2(X)(F2(U )) ∩ C separates {p} and bdM C in C .
Thus, some subcontinuum D of bdF2(X)(F2(U )) ∩ C separates {p} and bdM C in C (see [9, Theorem 1, p. 438]). However,
since bdF2(X)(F2(U )) is a dendrite, by [11, Corollary 10.6, p. 167] we have that D is a dendrite.
Finally, according to (3), D ⊂ intM C; hence, D does not separate C (see [9, Theorem 5, p. 513]), which is a contradiction.
Therefore, {p} /∈ intM C . 
Lemma 4.7. Let X be a local dendrite and let p,q be two distinct points of X such that p ∈ End(X) or q ∈ End(X). Then {p,q} does
not belong to the manifold interior of any 2-cell in F2(X).
Proof. Let C ⊂ F2(X) be a 2-cell that contains {p,q}. Suppose by way of contradiction that {p,q} ∈ intM C .
Let U1 and U2 be closed neighborhoods of p and q, respectively, such that U1 and U2 are disjoint dendrites. Let
W = {{x, y} ∈ F2(X): x ∈ U1 and y ∈ U2}.
It is easy to see that W is a closed neighborhood of {p,q} in F2(X), and we may assume that U1 and U2 are small enough
so that
W ∩ bdM C = ∅. (4)
We may assume without loss of generality that p ∈ End(X) and that bdX (U1) = {z} for some z ∈ X .
Since X is a local dendrite, we may also assume that bdX (U2) consists of k points w1, . . . ,wk (see [11, Theorem 10.20,
p. 173]).
For i ∈ {1, . . . ,k}, deﬁne
Di =
{{x,wi}: x ∈ U1} and D0 = {{x, z}: x ∈ U2}.
Let h :D0 → U2 be given by h({x, z}) = x; since h is a homeomorphism, D0 is a dendrite. With a similar argument we
obtain that Di is a dendrite for each i. Furthermore, D0 ∪D1 ∪ · · · ∪Dk = bdF2(X)(W).
Moreover, if i = j, it is easy to see that Di ∩D j = ∅ if and only if i = 0 or j = 0, and that Di ∩D0 is a one-point set
(namely {z,wi}) for each i = 0. Therefore, bdF2(X)(W) =D0 ∪D1 ∪ · · · ∪Dk is a dendrite.
As a consequence of (4), we have that bdF2(X)(W) ∩ C separates {p,q} and bdM C in C . Thus, some subcontinuum D
of bdF2(X)(W) ∩ C separates {p,q} and bdM C in C (see [9, Theorem 1, p. 438]). However, since bdF2(X)(W) is a dendrite,
by [11, Corollary 10.6, p. 167] we have that D is a dendrite. Now, using (4) we have that D ⊂ intM C; hence, D does not
separate C (see [9, Theorem 5, p. 513]), which is a contradiction. Therefore, {p,q} /∈ intM C . 
The following are a few rather technical lemmas; they give us information about connectedness of the set of elements
that do not belong to the manifold interior of any 2-cell in F2(X). They also tell us about the existence and construction of
certain kind of paths in such set, as well as the location of vertices of some simple triods in the same set. This information
will be extremely useful later, in the proof of Theorem 5.2.
Lemma 4.8. Let X be a local dendrite with no free arcs, let S = {{p} ∈ F2(X): ordX (p)  2} and let T = {{p,q} ∈ F2(X): p = q
and {p,q} ∩ End(X) = ∅}. Then S ∪ T is connected.
Proof. Fix p′,q′ ∈ End(X), with p′ = q′ and let {a,b} ∈ T . We may assume without loss of generality that b ∈ End(X) \ {p′}.
Take a path η : I → X such that η(0) = a, η(1) = p′ and η(I) ∩ End(X) ⊂ {a, p′}. Similarly, take a path ζ : I → X such that
ζ(0) = b, ζ(1) = q′ and ζ(I) ∩ End(X) = {b,q′}. Deﬁne a mapping φ : I → T given by:
φ(t) =
{ {η(2t),b}, if t ∈ [0, 12 ],
{p′, ζ(2t − 1)}, if t ∈ [ 12 ,1].
Clearly φ is a path contained in T from {a,b} to the ﬁxed point {p′,q′} of T . It follows that T is pathwise connected.
Now, let {w} ∈ S . Since X has no free arcs, it follows that the set of end points of X is dense. Thus, if U is a neighborhood
of {w} in F2(X), there exist e1, e2 ∈ End(X), with e1 = e2, such that {e1, e2} ∈ U ∩ T . Hence, S ⊂ clF2(X)(T ) and, therefore,
S ∪ T is connected. 
Lemma 4.9. Let X be a continuum and let D1, D2 ⊂ X be two dendrites whose intersection is exactly one point p ∈ X. Assume
{pn}∞n=1 ⊂ End(X)∩ D1 and {qn}∞n=1 ⊂ End(X)∩ D2 are sequences such that pi = p j and qi = q j whenever i = j and limn→∞ pn =
p = limn→∞ qn.
Then, there exists a path γ : I → F2(D1 ∪ D2) such that γ (0) = {p1,q1} and γ (1) = {p}. Moreover, if t ∈ [0,1) and γ (t) = {a,b}
for some a,b ∈ D1 ∪ D2 , then a = b and
∅ = {a,b} ∩ End(X) ⊂ {pn}∞n=1 ∪ {qn}∞n=1. (5)
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phism αi : [1− 12i−1 ,1− 12i ] → Ai such that:
αi
(
1− 1
2i − 1
)
= pi and αi
(
1− 1
2i
)
= pi+1.
Similarly, let Bi be the unique arc contained in D2 whose end points are qi and qi+1 and take a homeomorphism βi :
[1− 12i ,1− 12i+1 ] → Bi such that:
βi
(
1− 1
2i
)
= qi and βi
(
1− 1
2i + 1
)
= qi+1.
Consider a function γ : I → F2(D1 ∪ D2) given by:
γ (t) =
⎧⎪⎨⎪⎩
{αi(t),qi}, if t ∈ [1− 12i−1 ,1− 12i ] for some i ∈ N,
{pi+1, βi(t)}, if t ∈ [1− 12i ,1− 12i+1 ] for some i ∈ N,
{p}, if t = 1.
Note that if t =1− 12i , then {αi(t),qi} = {pi+1,qi} = {pi+1, βi(t)}. Similarly, if we have t =1− 12i+1 , then {pi+1, βi(t)} ={pi+1,qi+1} = {αi+1(t),qi+1}. Therefore, γ is well deﬁned.
Next, we will see that γ is continuous. To this aim, it will be enough to show that γ is continuous at 1.
Note that {pi+1, βi(t)} ⊂ Ai ∪ Bi and that {αi(t),qi} ⊂ Ai ∪ Bi for each i ∈ N. Hence, if 1− 12i−1  t < 1 for some i, then
γ (t) ⊂
⋃
ni
(An ∪ Bn). (6)
Recall that H denotes the Hausdorff metric in 2X (Deﬁnition 2.1). Since D1 and D2 are dendrites and limi→∞ pi = p =
limi→∞ qi , we have that limi→∞ H(Ai, {p}) = 0 = limi→∞ H(Bi, {p}) (see [11, Corollary 10.5 and Theorem 10.4, p. 167]). This
and (6) yield:
lim
t→1 H
(
γ (t), {p}) lim
i→∞
H
(⋃
ni
(An ∪ Bn), {p}
)
= 0.
Thus, γ is continuous. Therefore, γ is a path in F2(D1 ∪ D2) from γ (0) = {p1,q1} to γ (1) = {p}. Finally, condition (5)
follows directly from the deﬁnition of γ . 
Lemma 4.10. Let X be a local dendrite with no free arcs. Let S = {{p} ∈ F2(X): ordX (p)  2} and let T = {{p,q} ∈ F2(X):
p = q and {p,q} ∩ End(X) = ∅}. Let {w} ∈ S such that ordX (w) = 2. Then {w} is the vertex of a simple triod in S ∪ T .
Proof. Let U be a closed neighborhood of w such that U is a dendrite. Then, ordU (w) = 2 and we can express U as a union
of two dendrites, D1 and D2, such that D1 ∩ D2 = {w} (every point of a dendrite is either a cut point or an end point, see
[11, Theorem 10.7, p. 168]).
Since X is a local dendrite with no free arcs, it follows that End(X) ∩ Di is dense in Di . Thus, we may take sequences
{yn}∞n=1 ⊂ End(X) ∩ D1 and {xn}∞n=1 ⊂ End(X) ∩ D2 such that yi = y j and xi = x j whenever i = j and such that lim yn =
w = lim xn . Then, {yn, xm} ∈ T whenever n,m ∈ N.
Now, for each k ∈ {0,1,2}, apply Lemma 4.9 to p = w and to the sequences {pn = y3n−k}∞n=1 and {qn = x3n−k}∞n=1 to
obtain a path γk : I → F2(D1 ∪ D2) as described in that lemma. This means that γk(0) = {y3−k, x3−k}, γk(1) = {w}, and if
t ∈ [0,1) and γk(t) = {a,b} for some a,b ∈ D1 ∪ D2, then a = b and
∅ = {a,b} ∩ End(X) ⊂ {y3n−k}∞n=1 ∪ {x3n−k}∞n=1. (7)
It is easy to verify that:
γk(t) ∈ S ∪ T for every t ∈ I. (8)
Next, let {a,b} = γ0(t) for some t ∈ [0,1). Then, by (7) we have ∅ = {a,b}∩End(X) ⊂ {y3n}∞n=1 ∪{x3n}∞n=1. Using again (7),
this implies that {a,b} /∈ γk([0,1)) if k ∈ {1,2}. Hence, γ0([0,1)) ∩ (γ1([0,1)) ∪ γ2([0,1))) = ∅. Arguing similarly, we obtain
that the sets γ0([0,1)), γ1([0,1)) and γ2([0,1)) are mutually disjoint. Thus, γ j(I) ∩ γk(I) = {w} whenever j = k.
Finally, since the set γk(I) is arcwise connected for each k, using (8) we may now conclude that {w} is the vertex of a
simple triod in S ∪ T . 
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In this section we prove our main result for 1-dimensional continua, namely we characterize continua X , for which
F2(X) is 12 -homogeneous, among 1-dimensional ANRs.
The following result is known and will be used in the proof of Theorem 5.2. We also note that the outline of the proof
of Theorem 5.2 is very similar to that of Theorem 6.1 of [13].
Theorem 5.1. (See [18, Theorem 1, p. 25].) Let X be a 12 -homogeneous ANR of dimension  2. Then, either X is a polyhedron, or X has
one orbit which is the union of at most countably many components, each of which is a continuous one-to-one image of the real line.
Theorem 5.2. Let X be a 1-dimensional continuum which is an ANR. Then, F2(X) is 12 -homogeneous if and only if X is an arc or a
simple closed curve.
Proof. Assume F2(X) is 12 -homogeneous. We will show that X contains some free arc, so that we can apply Lemma 3.1 and
obtain the desired conclusion.
Suppose to the contrary that X contains no free arcs. In order to be able to use Theorem 5.1, we introduce the following
claim.
Claim. Let O1 and O2 be the two orbits of F2(X) and let K be a component of O1 or O2 . Then, K is not a one-to-one continuous
image of the real line.
Since X is a 1-dimensional ANR, by [13, Lemma 5.1, p. 238] X is a local dendrite. Thus, as a consequence of Lemmas 4.5,
4.4, 4.6 and 4.7 we may assume that:
O1 =
{
A ∈ F2(X): A ∈ intM C for some 2-cell C ⊂ F2(X)
}
and
O2 =
{
A ∈ F2(X): A /∈ intM C for any 2-cell C ⊂ F2(X)
}
.
Consider the following subsets of F2(X):
A= {{p,q} ∈ F2(X): p = q and {p,q} ∩ End(X) = ∅}.
B = {{p} ∈ F2(X): ordX (p) 3},
S = {{p} ∈ F2(X): ordX (p) 2} and
T = {{p,q} ∈ F2(X): p = q and {p,q} ∩ End(X) = ∅}.
Applying again Lemmas 4.5, 4.4, 4.6 and 4.7, we deduce that O1 =A∪B and O2 = S ∪T . Note that if K is a component
of O1, then K contains 2-cells; thus, dim(K) = 2. Therefore, K cannot be a one-to-one continuous image of the real line
(this follows from the Sum Theorem [4, p. 30, III 2]).
On the other hand, if K is a component of O2, by Lemma 4.8 we have that K = S ∪ T . Furthermore, according to
Lemma 4.10, each {w} ∈ S , such that ordX (w) = 2, is the vertex of a simple triod in K. It follows that K contains n disjoint
simple triods for any n ∈ N. Therefore, K cannot be a one-to-one continuous image of the real line (as follows from [15,
p. 9]) and the claim is proved.
Now, since X is 1-dimensional, by [17, (2.7), p. 187] and [4, p. 34], we have that dim F2(X) = 2. Furthermore, since X is
an ANR, by [7, Theorem 5.1, p. 175], we know that F2(X) is also an ANR. Hence, according to Theorem 5.1 and the claim
above, we have that F2(X) is a polyhedron. Nevertheless, this contradicts Lemma 4.3.
Therefore, we obtain that X contains a free arc. Thus, Lemma 3.1 applies and we conclude that X is an arc or a simple
closed curve.
The converse is Lemma 2.5. 
Corollary 5.3. Let X be a 1-dimensional AR. Then, F2(X) is 12 -homogeneous if and only if X is an arc.
Remark 5.4. Recall that the hyperspace of subcontinua of a continuum X is deﬁned by C(X) = {A ∈ 2X : A is connected},
and is regarded as a subspace of 2X . It is known that if C(X) is ﬁnite-dimensional, then C(X) is 12 -homogeneous if and only
if X is an arc or a simple closed curve (this follows from [5, Theorem 4] and [6, Theorem 70.1, p. 337]). Also, it is known
that if X is a 1-dimensional continuum, then Cone(X) is 12 -homogeneous if and only if X is an arc or a simple closed curve
(see [13, Theorem 6.1, p. 243]). Hence, one might ask whether the 12 -homogeneity of F2(X) for a continuum X implies that
X is an arc or a simple closed curve. This is not the case, for if X is a 2-cell, then F2(X) is a 4-cell, which is 12 -homogeneous
(see [10, Theorem 1, p. 167]). Thus, the following questions seem natural and interesting.
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F2(X) is 12 -homogeneous?
Question 5.6. Does there exist an inﬁnite-dimensional continuum X , such that F2(X) is 12 -homogeneous?
In connection with Theorem 5.2 and Remark 5.4, one might consider two natural questions, i.e., one could ask whether
the necessity and/or the suﬃciency of Theorem 5.2 has an analogue for all ﬁnite dimensions:
(5.7) Let X be an n-dimensional ANR such that F2(X) is 12 -homogeneous. Must X be an n-cell or an n-sphere?
(5.8) Let X be an n-cell or an n-sphere. Must F2(X) be 12 -homogeneous?
We discuss these questions in Section 7.
6. Neighborhoods and orbits
Let n ∈ N, let X be an n-manifold and let {x, y} ∈ F2(X). In this section we give a relation between the neighborhoods
of {x, y} in F2(X) and the location of the set {x, y} in X . We begin analyzing the case X = In , which will be used while an-
alyzing the general case. The results discussed in this section will help us determine 12 -homogeneity on symmetric products
of n-manifolds in Section 7.
Throughout Sections 6 and 7, we denote the points (0,0,0, . . . ,0) and ( 12 ,
1
2 ,
1
2 , . . . ,
1
2 ) of I
n by 0̂n and 1̂2n , respectively.
Also, for a continuum X and A ⊂ X , we denote by O(A) the union of the orbits of X that intersect A.
For n 0, let Pn denote the n-dimensional projective space. Recall that Cone(Pn) = (Pn × I)/Pn×{1} . We denote the vertex
of Cone(Pn) by vn and we consider Pn × [0,1) as a subspace of Cone(Pn).
Given topological spaces X and Y , the symbol X ≈ Y means that X is homeomorphic to Y . Moreover, given points x ∈ X
and y ∈ Y , we say that (X, x) ≈ (Y , y) if there exists a homeomorphism h : X → Y such that h(x) = y. The following is
known.
Theorem 6.1. (See [19, Theorem 8, p. 86].) Let n ∈ N. Then F2(In) ≈ Cone(Pn−1) × In.
According to this result, it is natural to consider the following sets for an n-manifold X (for A ∈ F2(X), UA will denote
some given neighborhood of A in F2(X)):
W1(X) =
{
A ∈ F2(X): UA ≈ (0,1)2n
}
,
W2(X) =
{
A ∈ F2(X): (UA, A) ≈
(
I2n, 0̂2n
)}
,
W3(X) =
{
A ∈ F2(X): (UA, A) ≈
(
Cone
(
Pn−1
)× In, {vn−1} × 1̂2n)},
W4(X) =
{
A ∈ F2(X): (UA, A) ≈
(
Cone
(
Pn−1
)× In, {vn−1} × 0̂n)}.
Observation 6.2. Let n ∈ N, n 3. According to Theorem 6.1,
W1
(
In
)≈ (Pn−1 × (0,1))× (0,1)n,
W2
(
In
)≈ ((Pn−1 × {0})× In)∪ ((Pn−1 × (0,1))× bdM In),
W3
(
In
)≈ {vn−1} × (0,1)n and W4(In)≈ {vn−1} × bdM In;
in particular, by Theorem 6.1, we have that W3(In) and W4(In) are contained, each, in a single orbit of F2(In). Moreover,
note that W4(In) ⊂ cl(W2(In)) and W3(In) ∩ cl(W2(In)) = ∅. Thus, O(W3(In)) ∩O(W4(In)) = ∅. More generally, if X is an
n-manifold, one can show that:
W4(X) ⊂ cl
(
W2(X)
)
and W3(X) ∩ cl
(
W2(X)
)= ∅. (9)
It follows that O(W3(X))∩O(W4(X)) = ∅. Furthermore, it can be shown that O(W1(X))∩O(W2(X)) = ∅ and that, if n 3,
then O(Wi(X)) ∩O(Wk(X)) = ∅ whenever i ∈ {1,2} and k ∈ {3,4}. Therefore, O(Wi(X)) ∩O(Wk(X)) = ∅ whenever i = k
and n 3.
Now, we are interested in determining the orbit of an element {x, y} by means of its location in X . To this aim, for an
n-manifold X we deﬁne the following sets:
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{{x, y} ∈ F2(X): x = y and {x, y} ⊂ intM X},
R2(X) =
{{x, y} ∈ F2(X): x = y and ∣∣{x, y} ∩ bdM X∣∣= 1},
R3(X) =
{{x} ∈ F2(X): x ∈ intM X},
R4(X) =
{{x} ∈ F2(X): x ∈ bdM X} and
R5(X) =
{{x, y} ∈ F2(X): x = y and {x, y} ⊂ bdM X}.
In the particular case in which X = In , we have the following:
Lemma 6.3. Each of the sets Ri(In) is contained in one orbit of F2(In) for each i ∈ {1,2,3,4,5}.
Proof. Let i ∈ {1,2,3,4,5} and let A, B ∈ Ri(In). Then, it can be shown that there exists a homeomorphism h : In → In such
that h(A) = B . Extending h to a homeomorphism H : F2(In) → F2(In) in the natural way: H({x, y}) = {h(x),h(y)}, we obtain
that H(A) = B and, thus, Ri(In) is contained in a single orbit of F2(In). 
Observation 6.4. Let X be an n-manifold and let x, y ∈ X with x = y. Note that if U and V are disjoint neighborhoods of x
and y, respectively, then the mapping h : U × V → F2(X) given by h(z,w) = {z,w} is an embedding, and h(U × V ) is a
neighborhood of {x, y} in F2(X). Hence, for x = y we have that:
(6.4.1) If {x, y} ⊂ intM X , then {x, y} has a neighborhood U in F2(X) such that U ≈ (0,1)2n . Thus, R1(X) ⊂ W1(X).
(6.4.2) If {x, y} ∩ bdM X = ∅, then {x, y} has a neighborhood U in F2(X) such that U ≈ I2n and {x, y} ∈ bdM U . Hence,
R2(X) ∪ R5(X) ⊂ W2(X).
Lemma 6.5. Let n 3. Then Ri(In) = Wi(In) for i ∈ {1,3,4} and R2(In) ∪ R5(In) = W2(In).
Proof. According to (6.4.1) and (6.4.2), we have R1(In) ⊂ W1(In) and R2(In)∪ R5(In) ⊂ W2(In). By Observation 6.2, we have
that F2(In) has at least four orbits; hence, as a consequence of Lemma 6.3, we obtain R1(In) = W1(In), R2(In) ∪ R5(In) =
W2(In) and either (R3(In) = W3(In) and R4(In) = W4(In)) or (R3(In) = W4(In) and R4(In) = W3(In)). Since cl(R2(In)) ∩
R3(In) = ∅ and R4(In) ⊂ cl(R2(In)) ⊂ cl(W2(In)), by (9) we conclude that R3(In) = W3(In) and R4(In) = W4(In). 
Corollary 6.6. Let n 3 and let X be an n-manifold. Then, Ri(X) = Wi(X) for i ∈ {1,3,4} and R2(X) ∪ R5(X) = W2(X).
Proof. Using (6.4.1), (6.4.2) and Lemma 6.5, one can show that Ri(X) ⊂ Wi(X) for i ∈ {1,3,4} and R2(X)∪ R5(X) ⊂ W2(X).
However, by Observation 6.2 we know that Wi(X) ∩ Wk(X) = ∅ whenever i = k. The result follows. 
7. 12 -homogeneity on symmetric products of manifolds
In this section we discuss questions (5.7) and (5.8), as well as 12 -homogeneity in F2(X), when X is an n-manifold. It
turns out that the 12 -homogeneity of F2(X) behaves quite differently for n = 2 and n  3. We analyze both situations and
we give necessary and suﬃcient conditions under which F2(X) is 12 -homogeneous (Theorem 7.9).
We begin with a simple theorem that follows directly from the last part of Observation 6.2 and Corollary 6.6.
Theorem 7.1. Let X be an n-manifold with boundary. If n 3 and F2(X) is 1m -homogeneous, then m 4.
Observation 7.2. Let X be an n-manifold. If p ∈ bdM X and x1, x2, y1, y2 ∈ intM X such that x1 = x2 and y1 = y2, then
O({p, x1}) =O({p, x2}), O({x1, x2}) =O({y1, y2}) and O({x1}) =O({y1}).
Theorem 7.3. Let X be an n-manifold with no boundary. If n 3, then F2(X) is 12 -homogeneous.
Proof. By Observation 7.2, each of the sets R1(X) and R3(X) is contained in one orbit of F2(X). However, by Corollary 6.6,
we have that R1(X) = W1(X) and R3(X) = W3(X). The result follows from Observation 6.2. 
In what follows, Sn denotes the n-dimensional sphere.
Note that Theorems 7.1 and 7.3 give a full answer to question (5.8) in case n  3, namely: F2(Sn) is 12 -homogeneous
for each n  3, while F2(In) is not 12 -homogeneous for any n  3 (in fact, it is
1
4 -homogeneous). Now, returning to ques-
tion (5.7), the following example provides a negative answer to it for n 3.
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is 12 -homogeneous. Note also that X is an ANR, but it fails to be a cell or a sphere.
So far, we have determined 12 -homogeneity of F2(X) for an n-manifold X , when n  3. We now turn our attention to
the case n = 2; in this case we will have a completely different situation.
Recall that H denotes the Hausdorff metric in F2(X) and that Bε(Z) = {Y ∈ F2(X): H(Y , Z) < ε}.
Observation 7.5. Let D be a 2-cell. It is known that F2(D) ≈ I4 [10, Theorem 1, p. 167]; thus, F2(D) has exactly two orbits,
namely, intM F2(D) and bdM F2(D). Hence:
(7.5.1) given ε > 0, there exists δ > 0 such that for every Z ∈ F2(D) and every W that belongs to the same orbit of Z
in F2(D) with H(Z ,W ) < δ, there exists a homeomorphism h : F2(D) → F2(D) such that h(Z) = W and h(Y ) = Y
whenever Y ∈ F2(D) \ Bε(Z).
Furthermore, {x, y} ∈ intM F2(D) if and only if {x, y} ∩ bdM D = ∅ (see [10, p. 168]).
As a simple consequence of this observation, we are able to determine 1m -homogeneity of F2(X) when X is a 2-manifold
with no boundary.
Theorem 7.6. If X is a 2-manifold with no boundary, then F2(X) is homogeneous.
Proof. Let D be a 2-cell in X and let x, y ∈ intM D with x = y. Then, by Observation 7.5, we have that {x} and {x, y} belong
to the same orbit of F2(D). Thus, if x and y are close enough, applying (7.5.1) one can show that {x} and {x, y} actually
belong to the same orbit of F2(X).
On the other hand, by Observation 7.2, we have that R1(X) and R3(X) are contained, each, in a single orbit of F2(X);
thus, by the paragraph above, they are both contained in the same orbit. Finally, since X has no manifold boundary we have
that F2(X) = R1(X) ∪ R3(X). Therefore, F2(X) is homogeneous. 
Theorem 7.7. If X is a 2-manifold with boundary, then F2(X) is 12 -homogeneous.
Proof. Let p,q ∈ bdM X with p = q. Take a 2-cell D in X such that: (i) D ∩bdM X is the union of two disjoint arcs, A and B ,
and (ii) p ∈ intM A and q ∈ intM B .
Let δ > 0, let r, r′ ∈ Bδ(p) ∩ intM D , with r = r′ , and let s ∈ Bδ(q) ∩ intM D , with r′ = s. By Observation 7.5 we have that,
if δ is small enough, then there exist homeomorphisms: h1,h2,h3 : F2(D) → F2(D) such that:
h1
({p})= {p, r}, h2({p, s})= {p,q}, h3({r})= {r, r′} and
hi(Y ) = Y whenever Y ∈ bdF2(X)
(
F2(D)
)
and i ∈ {1,2,3}. (10)
Note that each hi can be extended to a homeomorphism Hi from F2(X) to itself, simply by deﬁning Hi as the identity
mapping on F2(X) \ F2(D). As a consequence of this and Observation 7.2, we have:
O({p})=O({p, r})=O({p, s})=O({p,q})
=O({r,q})=O({s,q})=O({q}), and
O({r})=O({r, r′})=O({r′, s}). (11)
It follows from (11) and Observation 7.2 that R2(X) ∪ R4(X) ∪ R5(X) and R1(X) ∪ R3(X) are contained, each, in a single
orbit of F2(X). Thus, F2(X) has at most two orbits.
Finally, using the last part of Observation 7.5, one can show that {r} ∈ W1(D) and {p, r} ∈ W2(D). Thus, by construction,
{r} ∈ W1(X) and {p, r} ∈ W2(X). Hence, by Observation 6.2 we get that {r} and {p, r} belong to different orbits of F2(X).
Therefore, F2(X) has exactly two orbits, as claimed. 
Note that Theorems 7.6 and 7.7 answer question (5.8) for the case n = 2, namely: F2(S2) is not 12 -homogeneous (it is
homogeneous), while F2(I2) is 12 -homogeneous. We note also that, surprisingly enough, the situation is kind of reversed
when compared to the case n 3.
Further, recall that we gave a negative answer to question (5.7) in Example 7.4 for the case n 3. Our next example also
gives a negative answer to question (5.7) when n = 2.
Example 7.8. Let X = S1 × S1, let D ⊂ X such that D ≈ (0,1)2 and let Y = X \ D . Then, Y is a 2-manifold with boundary;
hence, by Theorem 7.7, F2(X) is 1 -homogeneous. However, Y is an ANR which is neither a cell nor a sphere.2
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Theorem 7.9. Let n ∈ N and let X be an n-manifold. Then F2(X) is 12 -homogeneous if and only if one of the following holds:
(a) n = 1,
(b) n = 2 and X has manifold boundary or
(c) n 3 and X has no manifold boundary.
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